For general elliptic pseudodi erential operators on manifolds with singular points, we p r o ve an algebraic index formula. In this formula the symbolic contributions from the interior and from the singular points are explicitly singled out. For two-dimensional manifolds, the interior contribution is reduced to the Atiyah-Singer integral over the cosphere bundle while two additional terms arise. The rst of the two is one half of the`eta' invariant associated to the conormal symbol of the operator at singular points. The second term is also completely determined by the conormal symbol. The example of the Cauchy-Riemann operator on the complex plane shows that all the three terms may be non-zero.
Introduction

Since Atiyah, Patodi and Singer APS75] investigated the index problem for rst order elliptic di erential operators arising in Riemannian geometry on manifolds with cylindrical ends and introduced the famous`eta' invariant, there appeared a great number of papers dealing with index theorems for elliptic operators on manifolds with conical points. Among notable generalisations of their formula in the setting of Dirac operators are those to noncompact manifolds by B r uning and Seeley BS88], Br Wu93] .
The problem of extending the Atiyah-Patodi-Singer index theorem to a general index theorem for elliptic pseudodi erential operators on manifolds with conical singularities is of considerable interest. For a class of zero order pseudodi erential operators on a closed manifold having a discontinuity of rst kind at isolated points, an index formula was proved by Plamenevskii and Rozenblum PR90, PR92] . Their approach is based on considering C -algebras generated by s u c h operators it was further developed by Rozenblum Roz94] . In the framework of the b-calculus of Melrose Mel81] and Melrose and Mendoza MM83] , an index formula for general elliptic operators was established by Piazza Pia93] who made use of the`zeta' function approach. His formula expresses the index of an operator acting on a Sobolev space of weight 2 R,ast he sum of an interior contribution given in terms of regularised`zeta' functions, and a boundary contribution generalising the`eta' invariant o f A tiyah, Patodi and Singer. This second term measures the asymmetry of the spectrum of the indicial operator (or conormal symbol) with respect to a weight line ; in the complex plane. While the Atiyah-Patodi-Singer index theorem for a twisted Dirac operator can be obtained from the formula of Pia93], it is still an open problem as to whether, for a general elliptic b-pseudodi erential operator A, t h e i n terior contribution depends only on the principal symbol of A. For an elliptic di erential operator on a manifold with a conical point whose conormal symbol is symmetric with respect to some weight line, Schulze, Sternin and Shatalov SSS97] proved a formula expressed the index as the sum of the ranks of spectral points of the conormal symbol and the integral from the Atiyah-Singer form over the smooth part of the manifold. The authors have also contributed to this problem.
But despite such an activity during the last 20 years the situation remains still unsatisfactory. The main di culty is that the algebra of pseudodi erential operators on a manifold with conical singularities consists of components of di erent nature (interior and conormal) obeying some compatibility conditions, and it is not quite clear in which terms the index of elliptic operators should be expressed. In other words, one has to nd proper functionals on this algebra to express the index in a possibly simple way. Such a n i n vestigation was done by Melrose and Nistor MN96a] who computed the Hochschild and cyclic homology groups for the algebra of`cusp' pseudodi erential operators on any manifold with boundary. These computations are closely related to the index problem since the index functional for this algebra can be interpreted as a Hochschild 1-cocycle. Their index formulas contain various extensions of the trace functional of the Wodzicki non-commutative residue type, thus resulting in a pseudodi erential generalisation of the Atiyah-Patodi-Singer index theorem. In MN96a], they also computed K-theory invariants of algebras of pseudodi erential operators on manifold with corners and proved an equivariant index theorem.
Here we use another approach based on the algebra of formal symbols on a manifold with conical points blown up to a smooth manifold with boundary, M. This algebra is a particular case of the algebra of observables in deformation quantisation adopted to the special cotangent bundle structure of the symplectic manifold in question. It was previously used by the rst author Fed74] (see also Section 1 below for a short review) to approximate pseudodi erential operators on a smooth manifold up to trace class operators. It turns out that the algebra of formal symbols is equally good to approximate the conormal components of pseudodi erential operators on manifolds with conical points. This approximation leads to an index formula which w e c a l l algebraic, ind A = T r ( 1 ; r a)j N ; Tr ( 1 ; a r)j N + 1 2 i ( )) j N;1 (0.1) (see Section 3). Here a and r are the formal symbols of the operator A and its parametrix R de ned up to the boundary, stands for the product of formal symbols, A c ( ) a n d A ;1 c ( ) are the conormal symbol of A and its inverse, Tr 0 means the trace of a pseudodi erential operator on the boundary of M, a n d N is the order of approximation, N dimM. The subscript signalls for a formal complex shift of the real argument, It should be mentioned that more or less similar formulas were previously obtained in various particular cases, see e.g. PR90] or SSS97]. We have plucked up the courage to publish formula (0.1) because to our mind it seems new in such a form and such generality. The only assumptions we impose are that the symbols do not depend on the normal variable near the boundary (translation invariance in the terminology of MN96a]), and that A c ( ) a n d A ;1 c ( ) are holomorphic in a strip around the weight line. As but one application of formula (0.1) we extend the result of Schulze, Sternin and Shatalov SSS97] to the case of pseudodi erential operators. Namely, c o m bining (0.1) with arguments of Section 4 ibid. thinking of M as half of a compact manifold without boundary by doubling across the boundary, w e arrive at a nice index formula of the Atiyah-Singer type for operators satisfying the symmetry condition of SSS97] and possessing a meromorphic extension to the strip between the weight line and the symmetry axis ; 0 . More precisely, S M being the cosphere bundle of M and AS (A) being the Atiyah-Singer integrand manufactured from the principal interior symbolofA and di erential-geometric information in M by local operations. We use the machinery of cone pseudodi erential operators, referring the reader to the book of Schulze Sch94] . The only di erence is that we d o not use the Mellin transform applying the change of variables by r = e ;t . Under this change the conical point becomes a`cylindrical end' and Mellin pseudodi erential operators become Fourier pseudodi erential operators on the weight line = = . S u c h a modi cation has the advantage that we d o not have to switch b e t ween Mellin and Fourier representations of pseudodi erential operators. In particular, the compatibility condition for interior and conormal symbols looks much simpler for the Fourier representation.
Our next goal is to simplify formula (0.1), in particular, to reduce its interior contribution to the Atiyah-Singer integral over the cosphere bundle. The rst summand on the right-hand side of (0.3) is the usual AtiyahSinger integral. The next two summands contain the functionals Tr ( regularised t r ace) a n d f Tr ( formal trace) i n troduced by Melrose Mel95] . In particular, the second summand is the`eta' invariant (or rather one half of it) of A c ( ) shifted formally to the real axis. On the other hand, the functional f Tr is non-zero on functions a(x ) o n ( T @M) Rpos itively homogeneous of degree ;1 = ; dim@M in ( ). For such functions it takes the form The advantage of formula (0.3) is that it contains merely principal symbols of A, namely the principal interior symbol a 0 and the conormal symbol A c ( ), which c o n trol the Fredholm property o f A acting on the Sobolev space of weight . T h e l o wer-order term a 1 (x ) e n tering into the third summand of (0.3) is completely determined by the conormal symbol.
Clearly, formula (0.3) can be extended to symbols which are not translation invariant near the boundary.
We consider the example of the Cauchy-Riemann operator on the complex plane C treating the point at in nity as a conical point. This is a where h is a formal parameter and a k (x ) are functions on U R n with values in the space of (r where (f a V )(x ) = a V (f(x) f 0 ;1 (x)). So a 0 (x ) v aries like a function on T M with values in Hom ( E 0 E 1 ). The higher order terms vary in a more complicated way, in particular, The calculus of formal symbols is very similar to the calculus of complete symbols of classical pseudodi erential operators. The only di erence is that for the formal symbols not only the asymptotic behaviour for large j j is relevant but the behaviour of their coe cients for small j j as well. For example, formal symbols vanishing for large j j are meaningful objects unlike complete symbols.
It is clear that for a classical complete symbol of order m we can construct a formal symbol whose local coe cients a k (x ) coincide with the homogeneous components of degree m;k of the complete symbol, for large j j. In this case we s a y that the corresponding pseudodi erential operator A and the formal symbol a are compatible. where the inner integral de nes a density o n M not depending on the local representation of the formal symbol a. In (1.5) and subsequently, the notation tr stands for the matrix trace of the coe cients a k (x ). We a r e i n terested in the application of the notion of formal symbol to the index theorem for elliptic operators. If A is an elliptic pseudodi erential operator then there exists a parametrix R such that 1 ; RA and 1 ; AR are smoothing operators. If further, a and r are formal symbols compatible with the operators A and R the following algebraic index formula holds ind A = T r ( 1 ; r a)j N ; Tr ( 1 ; a r)j N (1.6) for any N n. T h i s f o r m u l a i s a n i n termediate step between the analytical index formula ind A = T r ( 1 ; RA) ; Tr ( 1 ; AR) (1.7) and the topological index formula due to Atiyah and Singer.
For further references let us write down the Atiyah-Singer index formula for two-dimensional manifolds, We nish this section by a remark that the calculus of formal symbols is a particular case of a more general calculus, called deformation quantisation, on an arbitrary symplectic manifold. Here, the symplectic manifold in question is T M.
Pseudodi erential operators
From the point of view of analysis, a manifold with a conical point i s i n fact a smooth manifold with boundary (M @M). A collar neighborhood of the boundary is di eomorphic to a cylinder @M I, where I is the interval 0 r < 1.
Typical di erential operators considered in the cone theory (see e.g. close to the boundary, with coe cients a k (r) smooth up to r = 0 , t h e i r values being di erential operators on @M of order m ; k. Usually one considers the weight factor in front of the sum with p = m but this is not necessary, w e allow a n y p 2 R.Theanal ysis of such operators is based on the Mellin transform which e v okes a technical di culty caused by switching between Fourier and Mellin representations of pseudodi erential operators.
To a void it we pass from the collar neighbourhood to a cylindrical end by changing the variable r = e ;t , 0 < t < In the sequel by a conical point we m e a n a cylindrical end R + @M and exponential stabilisation of all the objects in question at t = + 1. W e assume that near the end everything has a cylindrical structure. So, vector bundles over the end are lifted from the boundary @M, local charts have the form U = R + U 0 with U 0 @M, t h us resulting in the splitting of coordinates x = ( t x 0 ), x 0 2 U 0 . Next, for a cylindrical chart U i , w e h a ve
where ( ) is a partition of unity a n d ( ) t h e s e t o f c o vering functions. We emphasise that 1 2 C 1 (R + ) is equal to 1 close to t = + 1 and vanishes close to t = 0 . Introduce the weighted Sobolev spaces H s (M E) b y requiring u 2 H s (R n ) f o r t h e i n terior charts and e t u 2 H s (R n ) for the cylindrical charts, the norm being equal to where ; = f 2 C:= = g is a horizontal line in the complex plane to be referred to as the weight line, a n d u( 0 ) means the Fourier transform of u(t x 0 ) which i s a n e n tire function in rapidly decreasing on horizontal lines.
T h e r e i s a n e m bedding We next describe pseudodi erential operators acting between weighted Sobolev spaces. We con ne ourselves to operators which in the cylindrical charts are independent o f t apart from a weight factor e pt which w e a l w ays omit including it into the frame of the bundle E 1 as was explained before. For the purposes of index theory this class is su cient.
The cone pseudodi erential operators are of the form
where 1 2 C 1 (R + ) is a non-negative function satisfying 1 0 n e a r t = 0 a n d 1 1 n e a r t = + 1, and 0 = 1 ; 1 . The operator A int is a classical pseudodi erential operator of order m 2 Ri n the interior of M. The operator A is de ned by a so-called conormal symbol A c ( ), 2 ; , w h i c h is a parametre-dependent pseudodi erential operator of order m on @M. We assume that A c ( ) has an analytic extension to a strip j= ; j < " around the weight line and on each horizontal line in this strip is a parametre-dependent pseudodi erential operator on @Muniformly with respect to = in a smaller strip j= ; j " 1 , w i t h " 1 < " . T h e n , A acts on functions u(t) 2 C 1 comp (R + C 1 (@M E)) as A u (t) = Op t (A c ( )) u ( , we obtain what is called the cone algebra. Indeed, one can verify that the composition of A 2 C m and B 2 C l gives an operator BA2 C l+m . In the case when the order m coincides with the exponent p of the weight factor e pt in (2.2), this algebra was studied by the second author (see e.g. Sch94] and references therein). It is worth pointing out that the cone theory deals with Mellin pseudodi erential operators near a conical point, but the results may be easily transported to our case by the change of variables r = e ;t .
Algebraic index theorem
In this section we consider elliptic operators of the type (2.3). Recall that ellipticity means that the principal homogeneous symbola 0 (x ) i s i n vertible for 6 = 0 ( interior ellipticity) and that the conormal symbol A c ( ) i s a n invertible pseudodi erential operator on @M for any 2 ; (conormal ellipticity).
The interior ellipticity implies that there exists a formal symbol r on M such t h a t 1 ; r a and 1 ; a r vanish for j j large enough. We denote by R int a pseudodi erential operator on M compatible with r (see Section 1).
The Similarly we m a y replace step by s t e p 0 by 1 , 0 bỹ 1 and~ 1 bỹ 2 . As a result we obtain an equivalent pair of the form 1 R int~ 1 2 A ~ 2 2 A ~ 2 1 R int~ 1 : Now, using (3.6) and compatibility condition (2.5), we replace 2 A ~ 2 by 2 A int~ 2 obtaining the pair In these notations the last pair in (3.4), (3.5) is
Op t (P (t )) Op t (O(t )) Op t (O(t )) Op t (P (t )):
It is equivalent to the pair Op t (P(t ) O(t )j N ) Op t (O(t ) P(t )j N ) (3.10)
which is due to the theorem on the regularised trace of a product from FS96] similar to Proposition 1.1, n. 2). Here means the symbol product of operator-valued symbols on the shifted real axis and the subscript N means truncation, that is
Gathering all the terms (3.7)-(3.10), we obtain 12) The rst terms on the right-hand sides of (3.11) and (3.12) are trace class operators and the di erence of their traces gives precisely the interior terms in (3.2). In the rest terms all the symbols have compact supports in t 2 R + since 1 0 has, so we m a y regard them as operators on the cylinder R + @M.
To feel free with the exponential weight functions let us formulate the following lemma. Proof. This is a particular case of the theorem on the regularised trace of a product. We t a k e A = Op t (e pt a(t )) B = Op t (e ;pt ):
Note that e ;pt may be replaced by a n y function coinciding with e ;pt on the support of a, w h i c h is due to pseudolocality.
. Consider the last two terms on the right in (3.11). We will use the notationsÃ ( ) = A( + i ) The operators (3.13), (3.14) are of trace class due to the compatibility condition, so the conjugations by e ; t do not a ect their traces. The next transformation goes as follows. We carry the factor 0 through A c and a in (3.13), thus obtaining Now,
Integration over t yields zero unless k = 1. In the latter case 4 Two-dimensional case
For the two-dimensional case formula (3.21) admits further simpli cations. We use here direct tiresome computations which can not be generalised to higher dimensions. Nevertheless the result seems to be of interest for it shows the structure of the index formula in terms of leading symbols (interior and conormal). Besides the Atiyah-Singer integral (1.8) and theinvariant our formula contains an additional term non-vanishing in general. It has a structure very similar to the Wodzicki non-commutative residue.
Theorem 4.1 If dimM = 2 , then formula (0.3) holds.
To w ork on a manifold, we need an invariant s y m bolic calculus. In general such a calculus is given by deformation quantization. Fortunately, for n = 2 , w e need a few rst terms, so the full calculus is not needed. Any symbol may be described locally by means of its coe cients We will not go further into invariant calculus combining the local approach with the invariant one. So, we start with the local expression 1 4 2 (tr (1 ; r a)j 2 ; tr (1 ; a r)j 2 ) ! 2 2 : As we k n o w, it does not depend on the coordinate system giving a density o n M. W e h a ve Now w e w ould like to switch t o i n variant objects in (4.3). As for the exterior di erential d in front, it is globally de ned provided f is an oneform. But this is not the case, and we h a ve rst to examine the contributions of non-invariant terms.
The rst term i tr r 0 da 0 is invariant. The second one may be written in the form i tr (r 1 da 0 ; dr 0ã1 ) Remark 4.2 Note that formula (4.10) being homotopy i n variant implies that it extends to all symbols a(t ) exponentially stabilising when t ! 1 . In this case the boundary values in (4.10) are a( 1).
Examples
In this section we consider the Cauchy-Riemann operator on a complex plane C treating the point at in nity as a conical point. Even for this simple operator the additional term in (4.10) may be non-trivial. Although all the bundles are trivial over C,t he trivialisations and connections may be chosen in di erent w ays. Our goal is to observe h o w these choices a ect the three terms in (4.10). So, we consider two cases:
1. the Cauchy-Riemann operator from functions to (0,1)-forms, @ : u 7 ! d z @u @ z 2. the Cauchy-Riemann operator from functions to functions, @ @ z : u 7 ! @u @ z : Near z = 1 we i n troduce new coordinates = t + i' t 2 R + ' 2 R( mod 2 ) setting z = e . Case 1. We t a k e the global frame 1 for E 0 and d z, d as local frames in U 0 = fjzj < 2g and U 1 = f< > 0g for E 1 . In these frames we h a ve and so in both cases the -invariant term is the same.
The functions e ik' , k 2 Z,f orm an orthonormal basis of eigenfunctions of (5.1) with eigenvalues k ( ) = ( + ik)
;1 provided that 6 = ;ik for k 2 Z.Thec onormal ellipticity holds for weight lines ; with 6 2 Z. 2 : So, we obtain ind @ = ind @ @ z = 1 2 ; n + 1 2 sgn : For < 0 one can easily recognise the classical Liouville theorem for entire functions. Indeed, the inclusion u 2 H s with < 0 implies that juj Ce ; t as t ! 1 , o r juj C jzj ; . If u 2 ker @, then, by the Liouville theorem, it is a polynomial of degree not greater than ; ], and dimker @ = ; ] + 1. The cokernel in this case is empty (as is always the case for di erential operators and < 0).
